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This work presents an approach for fast optimization of gradi-
nt coils, using the simulated annealing method. The shielding
ondition derived from a target field method and the analytical
valuation of the fields produced by simple geometries were used
o reduce the computing time. This method is applied to the
ptimization of a shielded biplanar gradient coil set. Efficiency,
nductance, and homogeneity of the gradient fields produced by
he optimized geometries were studied as a function of the number
f wires, for the longitudinal and transverse gradient coils. A
rototype of the gradient set was made to test the proposed design
ethod. The resulting experimental values of coil efficiency, in-

uctance, field linearity, and shielding performance exhibit good
greement between theory and experiment. © 1999 Academic Press

INTRODUCTION

A great deal of effort has been made during the past yea
agnetic resonance imaging (MRI) to develop coils produ
niform magnetic gradient fields with high efficiency and

nductance (1, 2).
Coils producing uniform gradient fields for axial magn
ere obtained using the target field (TF) approach and m
um inductance methods proposed by Turner and collea

3–6). In these works the desired magnetic fields are spec
n cylindrical surfaces, and the current density is found in
eciprocal space linked to the coordinate space throug
ourier transform. The TF method also provides a shiel
ondition, which is frequently used to develop self-shiel
radient coils. Because this method usually results in coils
large length-to-diameter ratio (LDR; 4), constraints repre

enting regions where the current density is set to zero are
o allow truncation of coils, resulting in a loss of gradi
niformity (7).
The TF method for planar geometries, first introduced

oda (8), was applied to design gradient coils with minim
nductance for axial magnets (10, 11), but due to limitations o
oil size the uniformity region is restricted.
In a recent work we presented an extension of Yo

pproach, to design a set of shielded biplanar gradient co
e used in electromagnet MRI systems (12). In that work we
sed simple geometries for the current densities optimize

o fifth-order terms in the magnetic field expansion.
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Recently another method, called simulated annealing (
as been successfully employed for developing longitud
nd transverse gradient coils with cylindrical (13–16) and
lanar (17) geometries of restricted length. This method,

roduced by Metropoliset al. (18), was applied to a gre
iversity of problems where the arrangement of elements

arge scale can be done by simulating the way in which a m
lowly cools to a minimum energy state. Unlike the
ethod, discretization and restricted length are naturally t

nto account in the SA method. The SA computing time
ends strongly on the number of degrees of freedom o
nnealing problem; typically several hours are require
chieve convergence (13).
In this work we show that the shielding condition deriv

rom TF methods and the analytical evaluation of the fi
roduced by simple geometries, like circles and lines, ca
sed to develop rapidly converging SA routines.

METHOD AND NUMERICAL RESULTS

In the simulated annealing method for gradient coil des
he coil geometry is adjusted step by step through a s
andom parameters. For this, a dimensionless error functioE,
hat may contain contributions from uniformity, efficien
nductance, etc., is considered,

E 5 O
i

N

a~^G& 2 Gi!
2 1

b

^G&
1 gL 1 · · · , [1]

herea, b, andg are weighting factors for uniformity, effi
iency, and inductance, respectively.N is the number of point
n the evaluation region (ER) where the gradient field is
ulated,L is the coil inductance, and̂G& is the average valu
f the gradient in the ER, frequently evaluated from di

ntegration of the Biot–Savart law (13). To perform the mini
ization process the resulting error function at any step,Ei , is

ompared with that corresponding to the best previous co
ration, E0, by using the Boltzmann probabilityPi ;
xp(2DE/kT ). Here, k is the Boltzmann constant,T the
i i
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326 TOMASI ET AL.
emperature of the system in thermal equilibrium, andDE 5

i 2 E0. Arrangements withDE , 0 are always accepte
hile arrangements withDE . 0 are accepted with probabili
i , which depends onTi at stepi (13–16).
After M rearrangements at fixed temperature the allo

xcursions of free parameters are reduced and the ann
chedule is repeatedS times until the local minimum of th
rror function is reached.
To optimize shielded gradient coils, the standard SA pr

ure usesn free parameters to model the primary coil a
notherm free parameters for the shielding coil (13), which are
andomly varied. At each annealing step the gradient hom
eity and coil efficiency are calculated inside the primary c
nd the shielding performance is evaluated outside the s

ng coil in order to optimize the wire arrangement using
nnealing procedure described above. In this work we
roposing a fast simulated annealing method where the s

ng current distribution is analytically derived and simple
metries for wires are employed, allowing the use of ana
xpressions to calculate the gradient field inside the prim
oil. This procedure, schematically compared with the stan
rocedure in Fig. 1, does not increase the necessary num
egrees of freedom in the annealing problem and qu
onverges to the local minimum ofE, resulting in a significan
eduction of the computing time.

As we have shown before (12), a set of shielded biplan
radient coils can be achieved considering a set of four p
erpendicular to thez axis where the shielding planes and
rimary planes are placed atz 5 6d andz 5 6a (d . a),
espectively. In the next two sections we detail the simul
nnealing scheme used to optimize the longitudinal and

ransverse gradient coils. It must be noticed that just as i
tandard SA method we did not include the minimization
oil inductance in the annealing algorithm in order to red
he computing time.

ongitudinal

The axial gradient coil has been modeled usingn circular
ires with radiusRi , i 5 1, . . . , n, placed in each primar
lane. The wire distribution in the two primary planes mus

dentical to maximize the field uniformity, but the currents
ach plane have to be opposite to produce an axial grad
Several authors (13–16) have obtained SA-optimize

hielded coils addingm extra degrees of freedom into t
nnealing algorithm, to null the magnetic field outside
hielding coil. This increases the computing time for e
nnealing step and also the number of steps needed to rea

ocal minimum ofE.
To reduce the CPU time, necessary to encounter this
inimum, we reduced the problem’s degree of freedom ton in

he following way: To obtain the shielding coil we used
hielding density,j d(r ), derived from the planar TF metho
hich for n 5 1 is related to the primary current by (12)
d
ling
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j d~r ! 5 2IR E
0

`

j
sinh~aj!

sinh~dj!
J1~Rj!J1~rj!dj, [2]

herer is the axial distance,J1( x) is the Bessel function o
rder 1, andR is the radius of the wire carrying a currenI .
his relation between currents flowing in the primary and
hielding planes can be used to obtain, by superposition
urrent density to shield a coil consisting of a set of circ
ires of radius {Ri}. To approximate the continuous curre
ensity by a discrete wire arrangement, we choose a s
ircular wires of radius {Rk} calculated from

~k 2 0.5!I s 5 E
0

Rk

j d~r !dr, [3]

hereI s is the current carried by the shielding wires.
Another strategy followed to reduce the CPU time wa

ook for regions where the gradient fields could be analytic
valuated. Unfortunately this methodology cannot alway
sed, but for the proposed geometry the gradient field ca
xpressed analytically along thez axis. Thez component of th
radient field due to thek wire is

FIG. 1. Fast simulated annealing scheme compared with the standard
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Gz
k~ z! 5

3m0I

2

Rk
2~ z 2 zk!

@~ z 2 zk!
2 1 Rk

2# 5/ 2 , [4]

herezk is thez coordinate of thek wire.
We wrote a C code that computes Eqs. [1] to [4] to perfo

he annealing of a set ofn wires on each primary plane.
The curves in Fig. 2 represent the evolution of the calcul

rror function, for accepted wire arrangements. Two diffe
nitial radius sets {Ri} have been used showing that fin
onfigurations do not depend on the initial conditions.
olid curve corresponds to the initial set A, where all turns h
he same radius, given by the Maxwell condition, which
Ri 5 1.154a} for i 5 1, . . . , n, and the dotted curv
orresponds to the initial set B where then turns were distrib
ted in two different groups having radius {Ri 5 a} for i 5
, . . . , n/ 2 and {Ri 5 1.5a} for i 5 n/ 2 1 1, . . . , n. In
oth cases we set

● n 5 18: number of wires in each primary plane;
● d/a 5 1.2: ratio between thez coordinates of the shiel

ng and primary planes;
● a 5 1, b 5 0, g 5 0: for optimization of gradien

omogeneity only;
● M 5 10: number of rearrangements at fixed tempera
● S 5 50: number of temperature steps in the coo

cheme; the temperature at thei step is given byTi11 5

0(1 2 i /S), whereT0 is the initial temperature of annealin
● DR 5 0.1 Ti /T0: the amplitude for random excursions

Ri} is a linear function of temperature;
● kT 5 50: the initial temperatureT0 was chosen to acce

arger excursions of radius {R };

FIG. 2. Error function evolution of the simulated annealing procedure
he longitudinal gradient coil. Two different evolution curves are sh
orresponding to two initial conditions for the wire distribution (see the t
i

d
t

e
e

e;

● ER 5 (0, 0, z) with 0 # z # 0.75a: the gradient field
ere evaluated at 10 axial positionszi 5 i 0.075a, to compute
q. [1].

As shown in Fig. 2, the optimization procedure produc
ignificant reduction of the error function, which for the fi
onfigurations essentially does not depend on the initia
Ri}. Furthermore, due to the probabilistic nature of the
sed to accept or reject a given configuration, the algorithm
eal with relative minima without getting trapped.
Figure 3 shows the optimized set A corresponding to

rimary coil of the axial gradient. This figure also shows
urrent density necessary to shield this final wire distributio
function of the normalized radiusr /a. To obtain a discret

istribution of this density we used 58 circular wires carry
currentI s 5 I /4.
The improvement obtained in gradient homogeneity with

bove procedure is shown in Fig. 4, where 2a 3 2a contour
aps of theGz fields are given in the (r , z) plane. In this figure

he 5% contours correspond to black–white transition edg
inear gray scale was introduced to increase resolution. L
ontinuous areas of the same gray level, in the center of
C and 4D, indicate good gradient linearity. The gray-s
aps of Fig. 4 demonstrate the success of the optimiz
rocess in increasing the region of uniform gradient. T
llows for a sufficiently large field of view (FOV) along thez
xis without increasing the magnet gap.
Making a 5 25 cm, the resulting coil has a diameter of 1

m with a gap of 50 cm, usable for patient access despite
pace taken by the RF coil. The coil would produce a grad
eld of 6.6 mG/cm/A with a residual magnetic field atz 5
37 cm which is only 5% of the one which would be produ

y the same coil without shielding. This means that the sh
ng is 95% effective. The coil inductance was numeric
valuated using (see the Appendix)

FIG. 3. Primary coil and shielding density for the optimized longitud
radient coil.

r
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L 5 4pm0 E
0

`

uO
i51

n

RiJ1~Rij!u 2

3 S1 2
sinh~aj!

sinh~dj!
e2~d2a!jDsinh~aj!e2ajdj, [5]

hich includes self- and mutual inductances between

FIG. 4. 2a 3 2a Gz(r , z) maps produced by the longitudinal gradien
and B. (C) and (D) correspond to the optimized configurations. A linea
e

ires in the primary and shielding planes and resulte
5 280 mH.
To study the effects of the number of turns on the

erformance we evaluated the gradient field per unit curreh,
t the magnet isocenter, and the coil inductance, using Eq
nd [5], respectively, as a function of the number of wiren.
dditionally, for each optimized configuration we have ca

ated the gradient field homogeneity in the ER using
uantity

oils as described in the text. (A) and (B) correspond to the initial config
ay scale was used between the 5% contours, defined by the black–whiteons.
t c
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s 5 Î1

N O
i51

N S1 2
Gz~ zi!

^Gz&
D 2

, [6]

here the gradient homogeneity is defined by 12 s. To study
he effects of the ER in the annealing process, we perfo
wo kind of fast SA optimizations, evaluating Eq. [1] in tw
ifferent ER intervals, (0# z # 0.75a) and (0 # z #
.50a), and keeping the other annealing parameters as a
The results of this calculation are shown in Figs. 5A–5C
e can see from Figs. 5A and 5B,h increases linearly withn,
ndL shows a parabolic growth.
The gradient homogeneity 12 s, shown in Fig. 5C, presen
sharp increase at lown. In this region it depends on the E

eaching 100% homogeneity atn 5 8 for 0 # z # 0.50a, and
5 16 for 0 # z # 0.75a which corresponds to a larg

OV.
The overall performance of the coil can be described by

gure of merit, defined as the dimensionless quantity

z 5
h rel

sL rel , [7]

FIG. 5. Main characteristics of the optimized longi
ed

ve.
s

e

herehrel andL rel are the efficiency and the inductance re
ives to then 5 1 coil, respectively.

Figure 5D shows the effect of the number of turns on the
erformance as a bar plot ofj vs n. The initial increase in thi
gure of merit is due to the fast improvement of the homo
eity with n while the decrease at largen results from the

ncrease ofL. A maximum is observed, which indicates that
ptimumn exists for a given FOV.

ransverse

To model theGy gradient coil we used 2n straight wires o
ength 4a at6yi , i 5 1, . . . ,n, on each primary plane. In th
onfiguration, the current must flow alongx in the same
irection in both planes to produce the desired gradient fi
As in the axial case, we calculated the current density,j x

d( y),
n the shielding coil using the analytical relation between
rimary and the shielding densities (12), which, forn 5 1, can
e written as

j x
d~ y! 5 2

2I

p E
0

`

cos~ y1j!cos~ yj!
cosh~aj!

cosh~dj!
dj. [8]

inal gradient coils as a function ofn for two different ER.
tud
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330 TOMASI ET AL.
o make the current distribution discrete, the positions o
ires in the shielding coil were calculated as in the longitud
radient case. As shown in (12) the shielding coil can be us
s a return path for the primary coil current; therefore no e
ires need to be included in the calculation.
Because of the symmetry of the problem, they componen

f the gradient field produced by thek wire has an analytica
xpression on thex 5 0 plane, given by

Gy
k~ y, z! 5

m0Ia

pBk~ y, z!ÎAk~ y, z!
@2~ y 2 yk!

2Ak~ y, z! 21

2 2~ y 2 yk!
2Bk~ y, z! 21 1 1#, [9]

hereAk( y, z) 5 ( z 2 zk)
2 1 ( y 2 yk)

2 1 4a2, Bk( y, z) 5
z 2 zk)

2 1 ( y 2 yk)
2, and (yk, zk) are the coordinates of th

wire.
As for the longitudinal gradient case we developed a s

ated annealing C code including Eqs. [1], [4], [8], and [9
ptimize the transverse gradient coil.
As before the error function evolves to a minimum and

nal optimized configurations do not depend on the initial w
rrangement. Figure 6 shows the optimized positions of th
ires in they . 0 half primary coil and the shielding co
urrent density. In the initial arrangement 18 wires were pla
t uyu 5 0.4a andd 5 1.2a. The annealing algorithm has be
pplied, evaluating the gradient field at 100 positions form
rectangular grid in the plane (0,y, z), for uyu # 0.75a and

zu # 0.75a.
Figure 7 shows contours maps of theGy field produced b

his coil plotted over a 2a 3 2a region. Figure 7A shows th
eld for the initial wire configuration plotted in the (0,y, z)
lane, and Figs. 7B, 7C, and 7D correspond to the optim

FIG. 6. Primary coil and shielding density for the optimized transv
radient coil. For this calculation we useda 5 1, b 5 0, M 5 300,S 5 50,

i11 5 T0(1 2 i /S), Dy 5 0.1 Ti /T0, andkT0 5 20.
e
l

a

-

e

18

d

g

d

ire configuration for the (0,y, z), (x, 0, z), and (x, y, 0)
lanes, respectively. The efficiency and inductance of
hielded coil fora 5 25 cm andd 5 1.2a are 1.8 mG/cm/A
nd 315mH, respectively, where the last was numeric
valuated using (see the Appendix)

L 5
32am0

p E
0

`

uO
i51

n

cos~ yij!u 2

3 S1 2
cosh~aj!

cosh~dj!
e2~d2a!jD cosh~aj!

j
e2ajdj. [10]

As for the longitudinal coil set the effect of the number
urns n on the performance of the SA-optimized coil w
tudied using two different error functions. First we seta 5 1
ndb 5 0, that is, optimizing only homogeneity. Next we
5 b 5 0.5 to equally emphasize the field homogeneity

oil efficiency. In both cases the value ofn was varied betwee
and 30 and the results are given in Fig. 8. These results

hat the coil efficiency is not an adequate parameter for
izing the current distribution since it is not very sensitive

he details of this distribution. On the other hand the hom
eity quickly increases with the number of wires, reachin
lateau forn 5 16. Since the inductance rises quadratic
ith n an optimum value for the previously defined figure
erit exists as evidenced by the maximum in Fig. 8D.

EXPERIMENTAL

This section describes a gradient set prototype, des
ith the proposed method, and the experimental techn
sed to test the gradient field linearity and the shielding

ormance.

he Prototype

Two 5-mm-thick acrylic disks of 28 cm diameter were u
o support the longitudinal,Gz, and the transverse,Gx andGy,
radient coils. The main coils were attached to the disk

heir inner sides and the shielding coils on the outer sides
isks were fixed by an acrylic support in such a way that

nterior edges are spaced 7 cm apart from each other as s
chematically in Fig. 9.
Each plane of the longitudinal gradient coil consist of

ircular wires made of a 0.3-mm-diameter copper rod.
adii of the 18 loops are listed in Table 1, and their layout
e seen in Fig. 10.
This main coil was connected in series with its shield

oil, so that currents flow in the opposite sense. The shie
oil consists of 58 wires made of the same copper rod a
rimary coil. The radii of these 58 loops, used to make
hielding current density discrete, are listed in Table 1
ere arranged in four parallel layers. In this way, each
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orming the shield carries a currentI /4, improving the match
ng between the continuous and discrete current densitie

As an example, Fig. 10 shows the coil layout for one of th
ubcoils. The longitudinal shielding coil was placed directly
he outer side of acrylic disks, resulting ina/b 5 1.14.

For the self-shieldedGx andGy gradient coils we used 3
arallel straight copper rods with 20 cm length and 0.5
iameter in each primary plane, and 36 parallel copper s

FIG. 7. 2a 3 2a maps of the gradient fields due to the transverse g
nd optimized configurations, respectively. (C) and (D) are (x, z) and (x, y)
e
n

ets

ith 20 cm length, 0.1 mm thickness, and variable width
ach shielding plane.
For the return path of each single wire in the primary pla
e used a single copper sheet in the shielding planes, fix

he outer side of the acrylic disks atz 5 64.16 and64.32 cm
or the Gx and theGy coils, respectively. These coils a
imilar to rectangular sandwiches formed by two 203 20-cm
ectangular solenoids of (b 2 a) thickness.

ient coil described in the text. (A) and (B) correspond to (y, z) maps of the initia
ps, respectively, of the field corresponding to the optimized configurat
rad
ma
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332 TOMASI ET AL.
The positions of the copper wires forming the primary pl
nd the cuts realized on a copper board to build the shie
lane are listed in Tables 2 and 3 for theGx and Gy coils,
espectively. The layout of the primary and shieldingGy coil is
llustrated in Fig. 11.

FIG. 8. Main characteristics of the transverse gradie
a om
t

coils
a are
p due
t ent
w

F

efer-
e the
c tized
o

ence
m sity,
a re

n o

y

e
g
The direction of currents on the primary and the shield

lanes for these self-shielded gradient coils is schemat
hown in Fig. 9.
For interconnections between the primary and shiel

lanes we have used a (b 2 a)-length copper rod alongz, to
void thez component of the magnetic field resulting fr

hem.
The measured electric resistance and inductance of the

re listed in Table 4. The small inductance values, which
roportional to the energy stored in the magnetic field, are

o the small coil gap (2a 5 7 cm), and are in good agreem
ith the calculations using [5] and [10] (see Table 4).

ield Linearity

To test the gradient field linearity we used the phase r
nce method. Recently this method was used to measurez
omponent of the magnetic fields due to weakly magne
bjects (20) and current distributions (21–23).
The amplitude images resulting from the phase refer
ethod show the contours of constant magnetic field inten
void the effects of theB field inhomogeneities, and a

coils as a function ofn for a 5 1; b 5 0, anda 5 b 5 0.5.

f

nt
FIG. 9. Schematic drawing of the acrylic support and the directio
urrents in both the primary and the shieldingG coil.
 0
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333FAST OPTIMIZATION OF A BIPLANAR GRADIENT COIL SET
alculated from the difference of two gradient recalled e
GRE) data sets.

To map the magnetic field of theGx gradient coil we place
cylindrical phantom with 10 cm diameter and 5 cm len

lled with a 2 mMCuSO4 aqueous solution, inside the gradi
et, which was positioned in the isocenter of our full-b
itachi 0.05-T magnet.
We acquired a transverse image with 10 mm slice thick

nd 0.78 mm in-plane resolution. Other experimental par
ers were TE5 20 ms, TR5 500 ms, FOV5 20 3 20 cm,
56 3 128 acquisition matrix, and 3.45 mT/m slice selec
nd 0.75 mT/m readout gradients.
Following the acquisition of this reference data set, we
C current of 153 mA in theGx gradient coil, using a 1.5-
ry cell, and a new amplitude image was acquired with
ame protocol as before.
Finally the difference of the two complex data sets was

o obtain the amplitude image shown in Fig. 12a. A sim
rocedure was used to map thez component of the magne
eld due to theGy gradient coil. The resulting phase refere
mage is shown in Fig. 12b. The left part of Fig. 12c i
oronal image of the magnetic field produced by theGx coil
ith the same DC current as in Fig. 12a. Finally, the left
f Fig. 12d shows a sagittal image of the magnetic fi
roduced by theGz coil with a DC current of 81 mA.

TABLE 1
Radii of Circular Wires for the Longitudinal Shielded

Gradient Coil (a 5 3.5 cm and b/a 5 1.143)

Coil r [cm]

ain 1.35 2.00 3.75 4.00 4.15 4.40
4.45 4.55 4.95 5.10 5.15 5.30
5.65 5.75 6.00 6.10 6.30

hield 0.85 1.35 1.60 1.85 2.10 2.35
2.60 2.85 3.10 3.35 3.65 (2) 3.90 (
4.15 (3) 4.40 (4) 4.65 (4) 4.90 (5) 5.15 (4) 5.40
5.65 (4) 5.90 (4) 6.15 (4) 6.40 (3) 6.65 (3) 6.90

Note.Numbers in parentheses indicate the number of loops having the
adius.

FIG. 10. Schematic drawing of the layout for theG coil.
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The right parts of Figs. 12c and 12d, showing the magn
eld outside the gradient coils, will be discussed under Sh
ng Performance.

The black and white strips in the images of Fig. 12 repre
ontour plots of the magnetic field produced by the grad
oils. The images prove that the gradient field is reason
inear in a large region inside the coils.

The intensity information of the contour maps can be use
uantify the spatial variation of the magnetic field intensit
Because of the extra magnetic field,DB, due to the curren

n the gradient coil, the spins at positionr will accumulate an
dditional phasec 5 gDB TE, which modulates the pix

ntensity of the phase reference images (21). Since the mini
um intensity regions in Fig. 12 correspond to the extra ph
5 2np, the difference in field among them is

DB 5
2p

gTE
5 11.74 mG, [11]

nd the local field gradient can be obtained from the sp
istance between the minima.
The linearity of the gradients is shown in Fig. 13, where

components of the magnetic fields due to theGx, Gy, andGz

me

TABLE 2
x > 0 Positions for Straight Wires and Copper Board Cuts

f the Transverse Gx Shielded Gradient Coil (a 5 3.5 cm and
/a 5 1.186)

Coil x [cm]

ain 0.00 0.20 0.65 0.80 0.90 1.05
1.60 1.70 (2) 2.10 2.70 2.85 3.10 (
3.15 3.35 3.40 3.45

hield 0.09 0.35 0.61 0.87 1.13 1.39
1.65 1.92 2.20 2.48 2.75 3.00
3.25 3.52 3.89 4.38 4.94 5.62

Note. The 18 3 # 0 positions are symmetric. Numbers in parenth
ndicate the number of straight wires having the same position.

TABLE 3
y > 0 Positions for Straight Wires and Copper Board Cuts

f the Transverse Gy Shielded Gradient Coil (a 5 3.5 cm and
/a 5 1.228)

Coil y [cm]

ain 0.00 0.25 0.70 0.75 1.10 (2) 1.
1.80 1.85 2.40 2.95 (2) 3.05 3.1
3.20 (2) 3.30 4.80

hield 0.06 0.31 0.56 0.81 1.05 1.
1.56 1.81 2.06 2.33 2.60 2.8
3.07 3.29 3.53 3.88 4.43 5.3

Note. The 18 y # 0 positions are symmetric. Numbers in parenth
ndicate the number of straight wires having the same position.
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oils, obtained from Fig. 12 and Eq. [11], are plotted a
unction of the distance to the isocenter, along thex, y, andz
xis, respectively. The constant slope of all three curves p

FIG. 11. Schematic drawing of the coil layout for theGy coil. (a
a

ve

he good linearity of the gradient fields. The efficiency of
oils, measured from these magnetic fields, resulted in 1.6
.01, 1.106 0.01, and 1.996 0.01 mT/m/A for theG , G ,

e layout in the primary plane. (b) The same for the shielding coil.
) Th
x y
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ndGz coils, respectively. These values are in good agree
ith the corresponding theoretical values 0.86, 0.96, and
T/m/A, and the measured limits of the 95% homogen

egions related to these gradient fields resulted very close
xpected limits.

hielding Performance

To test the shielding performance, we acquired a se
agittal images using the phase reference method, placin
hantom described above in the outer region of the grad
s close as possible to the shielding planes. Magnetic
aps corresponding to theGx andGz coils were obtained a
efore. The maps corresponding to the inner and outer reg

or each gradient, were used to compose Figs. 12c and
hich keep the spacing between the regions, to show
hielding performance along bothx andz.
From Fig. 12c we can see that thez component of th
agnetic field due to the transverse gradient coil is mo

uppressed in the outer region, where it rises to a maxi
alue of 3.84mT/A at z 5 5 cm, representing a suppression
8% of thez component of the magnetic field at that positi
s shown in Fig. 12d, the longitudinal gradient coil presen
imilar shielding behavior. For this the maximum value of
agnetic field observed is 5.25mT/A at positionz 5 5 cm,
hich represents a suppression of 90% of thez component o

he magnetic field. Similar results were found for theGy

radient coil.
The shielding performance has been examined in a se

ype of experiment observing the effect of eddy currents o
MR signal. For these experiments, the gradient set has
laced in a 0.2-T iron magnet with 18-cm-diameter p
ieces and a 10-cm gap. This magnet exhibits poor mag
eld homogeneity due to its small diameter-to-gap ratio. H
ver, the lack of homogeneity did not significantly comprom

he examination of eddy current effects. For the interpreta
f the eddy current effects it must be noted that the shie
oils of the gradient set were placed directly against the p
ieces of the iron magnet. The direct neighborhood of
hielding coils and the large iron mass of the polar pi
esults in a very high sensitivity to eddy current effects.

It must be noticed that the measured inductance of
radient coil is identical, independently of whether the coils
laced inside or outside the iron magnet. The fact that a

TABLE 4
Resistance and Inductance of the Gradient Coils

Coil R [V] L exp [mH] L the [mH]

Gx 4.46 0.1 686 1 63
Gy 4.46 0.1 566 1 52
Gz 3.06 0.1 286 1 36
nt
10
y
he

of
the
ts,
ld

ns,
d,

he
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m
f
.
a
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e
en
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-
e
n
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mount of iron mass placed at the exterior of the gradien
nd close to the shielding coils does not alter the inductan

he coils gives evidence that the shielding is effective in m
mizing the interaction between the pole tips and the grad
oils.
For the acquisition of a NMR signal, we used a solenoid

oil and a cylindrical phantom with 3 cm diameter and 3
ength, filled with 2 mM CuSO4 aqueous solution, which w
laced 5 mm from the magnet isocenter alongz.
We acquired a set of free induction decay (FID) sig

nder different dynamic situations. For this we switche
radient pulse with a variable delay before the excitation
cquisition interval. The transients of the gradient pulse in
ddy currents whose effects can be observed in the FID

he gradient pulse we used a trapezoidal form with 20
uration and 100ms rise time, followed by a delayt, which
as varied in 128 steps from 100ms to 12.8 ms. Subsequent
e used a nonselective RF excitation pulse and acquire
ID with 256 samples during 16 ms.
In order to observe the eddy current effects we disable

hielding coils. As shown in Fig. 14a, with theGz shielding
isabled and for short delay values,t 5 500 ms, the gradien

ransient produces a time-dependent magnetic field gra
hich produces a modulation of the FID. No modulation of
ID due to eddy current effects is observed for sufficiently l
elay values,t 5 12.5 ms, as shown in Fig. 14b. Finally, F
4c shows that with shielding enabled, even for short de
5 500 ms, no modulation is observed. This proves

fficiency of the gradient shield in minimizing eddy curre
nduced in the pole tips.

The one-dimensional fast Fourier transforms of the FID
igs. 14a to 14c, plotted in Fig. 14d, show the overall beha

n the frequency domain. When the shielding is off, the
uency distribution corresponding to thet 5 500 ms trans

ormed data exhibits several peaks as a result of the spre
armor frequency induced by a time-dependent magnetic
radient due to the eddy currents. For thet 5 12.5 ms trans

ormed data a single peak is observed, showing less
urrent effects at that delay time. As is also shown in
gure, when the shielding is turned on, the Larmor freque
pread is mostly avoided because of the magnetic field nu
t the pole tips positions.

maging Test

To show the quality of the gradient fields in producing NM
mages we placed the biplanar gradient set at the isocen
he 0.05-T Hitachi magnet, coaxially withB0.

We set the NMR probe, tuned at 2.35 MHz, and the cy
rical phantom, described above, at the gradient isocente
cquired a set of SE 2563 128 images by using a 10 cm3 10
m FOV, TR5 500 ms, and TE5 20 ms, without selectio
radient.
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The coronal and sagittal planar projection images acq
re shown in Fig. 15. As we can see, the phantom edges d
uffer distortions from gradient nonlinearity even at a la
OV in thez direction of about half the gap size.

FIG. 12. Phase reference images showing the contours of the consB
nd the coronal images (c) and (d) correspond to theGx andGz coils, respe
d
not
e

SUMMARY

The SA method can greatly improve the design of h
erformance gradient coils. When the standard SA algor

tld. The (a) and (b) transverse images correspond to theGx and theGy coils,
ely.
tanz fie
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337FAST OPTIMIZATION OF A BIPLANAR GRADIENT COIL SET
15) is applied to the optimization of self-shielded coils,
ncrease in the necessary number of degrees of freedom r
n long computing times. As shown in this paper, the propo

odified SA procedure, which uses the analytical relation
etween primary and shielding currents, allows a great re

ion in the number of degrees of freedom.
The computing time can be further reduced by restricting
ire geometries to those that allow analytical calculation o
agnetic field over selected regions that can then be us
valuate the error function used in the annealing procedu
The examples presented in this paper show that this de

ion does not impoverish the quality of the result.
The present approach resulted in approximately 30 m

omputing time even using a double-precision nonoptimiz
ode running on a standard 166-MHz Pentium PC under D
Additionally we have derived generic expressions for

nductance of shielded biplanar gradient coils, which w
pplied to calculate the coil inductance and used to show
n optimum number of wires exists for this geometry.
Finally, we did a prototype of the shielded biplanar grad

et to test the proposed design method. The inductance

t

alz gradient pulse, with the eddy current induced on the polar tips of a
FIG. 13. Magnetic field as a function of the distance from the grad
socenter along thex, y, andz axis for theG , G , andG coils, respectively
FIG. 14. FID signals relating magnetization evolution, after a trapezoidG
0-cm-gap iron magnet. Slew rate5 140 T/m/s.
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iency, linearity, and shielding performance of gradient c
re in good agreement with theoretical expectations.

APPENDIX

In this Appendix we derive the analytical expression of
nductance for the longitudinal and transverse gradient co

The inductance of a system of two coils connected in s
an be written as

L 5 L11 1 L22 1 L21 1 L12, [12]

here the induction coefficients,Lij , are defined by (19)

Lij 5
1

I iI j
E

V

J i z A jdV, [13]

i being the current density of thei coil and A j the vecto
otential of thej coil.
Using the three-dimensional Fourier expansion of the ve

otentialA, as given in Ref. (10), the Fourier transform of the (x,
) component of the current density (12), j x,y(kx, ky), and the
ontinuity equation expressed in terms of the Fourier compo
f the current density (12), we have found the following expre
ion for the inductance of a shielded biplanar gradient coil,

L 5
m0

8p 2I 2 E
2`

` E
2`

`

$u j x
a~kx, ky!u 2 1 u j x

2a~kx, ky!u 2

1 2e22aÎk x
21k y

2

j x
a*~kx, ky! j x

2a~kx, ky!

1 u j x
d~kx, ky!u 2 1 u j x

2d~kx, ky!u 2

1 2e22dÎk x
21k y

2

j x
d*~kx, ky! j x

2d~kx, ky!

FIG. 15. MR planar projections of a 3-cm-diameter cylindrical phanto

0 5 0.05 T.
s

e
.
s

or

ts

1 2@e2~d2a!Îk x
21k y

2

~ j x
a*~kx, ky! j x

d~kx, ky!

1 j x
2a*~kx, ky! j x

2d~kx, ky!!

1 e2~d1a!Îk x
21k y

2

~ j x
a*~kx, ky! j x

2d~kx
2 1 ky

2!

1 j x
2a*~kx, ky! j x

d~kx, ky!!#%
Îkx

2 1 ky
2

ky
2 dkxdy, [14]

here k 5 (kx, ky, kz) is a vector in the reciprocal spac
onsidering now the symmetric (j ( x, y, z) 5 j ( x, y, 2z)) and
ntisymmetric (j ( x, y, z) 5 2j ( x, y, 2z)) current distribu

ions and the shielding condition for each case (12)

j x
d~kx, ky! 5 2j x

a~kx, ky!
fa~kx, ky!

fd~kx, ky!
, [15]

ith fa(kx, ky) 5 sinh(a=kx
21ky

2) for the antisymmetric cas
nd fa(kx, ky) 5 cosh(a=kx

2 1 ky
2) for the symmetric cas

q. [14] can be simplified to

L 5
m0

2p 2I 2 E
2`

` E
2`

`

u j x
a~kx, ky!u 2

3 S1 2 e2~d2a!Îk x
21k y

2 fa~kx, ky!

fd~kx, ky!
D

3
Îkx

2 1 ky
2

ky
2 fa~kx, ky!e

2aÎk x
21k y

2

dkxdky. [16]

For the axial gradient coil we have an antisymmetric c
guration consisting ofn loops on each gradient coil plan
5 6a, with the primary currentI . Thus, for this geometry

he current distribution at the Fourier space is given by

j x
a~kx, ky! 5 2pI

ky

q O
i51

n

RiJ1~Riq!, [17]

or which the biplanar gradient coil was used for the phase and frequency
m, f
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here q 5 =kx
2 1 ky

2. Therefore the inductance for th
radient coil is

L 5 4pm0 E
0

`

uO
i51

N

RiJ1~Riq!u 2

3 S1 2
sinh~aq!

sinh~dq!
e2~d2a!qDsinh~aq!e2aqdq. [18]

For the transverse gradient coil we have consideren
traight wires parallel to thex axis, symmetrically distribute
espect to they 5 0 axis, on each of the planes atz 5 6a and
ymmetrically distributed with respect to they 5 0 axis with
engthl . Thex component of this symmetric current density
he Fourier space can be written as

j x
a~kx, ky! 5 4pI

sin~kxl / 2!

kx
O
i51

N

cos~kyyi!. [19]

Hence for the inductance we have

L 5 8m0 E
2`

` E
2`

` U sin~kxl / 2!

kx
O
i51

N

cos~kyyi!U 2

3 S1 2 e2~d2a!Îk x
21k y

2 cosh~aÎkx
2 1 ky

2!

cosh~dÎkx
2 1 ky

2!D
3

Îkx
2 1 ky

2

ky
2 cosh~aÎkx

2 1 ky
2!e2aÎk x

21k y
2

dkxdky, [20]

hich for l @ a can be written as

L 5
8m0l

p E
0

`

uO
i51

n

cos~kyyi!u 2

3 S1 2
cosh~aky!

cosh~dky!
e2~d2a!kyD cosh~aky!

ky
e2akydky.

[21]
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